We report upon a theoretical study of collective magnonic modes in pairs of magnetic nano-elements with quasi-uniform magnetization. The mode spectrum and character are numerically computed for an individual isolated nano-element and then used to analytically calculate the splitting of the modes due to the inter-element magneto-dipole interaction. The results are compared with those obtained using direct simulations for the pairs of elements, yielding a generally good agreement. For the edge mode the interaction between the edges of the neighboring elements can exceed that between the edges of the same element, leading to softening of the mode profile and hence to the violation of the assumptions of the analytical approach. The softening has to be taken into account in the interpretation of dynamical studies of closely packed arrays of magnetic elements (magnonic crystals).
I. INTRODUCTION
Several interactions define the collective behavior of coupled magnetic moments (spins). This makes spin waves 1 very different from other kinds of waves in solid matter. The anisotropic and spatially nonuniform magneto-dipole interaction leads to an anisotropic dispersion and a confinement of spin waves. Recently, spin waves in magnetic elements and arrays have been extensively studied, [2] [3] [4] [5] with the interest fueled by perceived applications in high density data storage, 6 microwave signal processing, 7 and magnonic meta-materials. 4 As the packing fraction of magnetic arrays increases, the magneto-dipolar coupling between their elements increases and their dynamical behavior drastically changes. In particular, the magnetization dynamics are no longer described by spin wave modes of individual elements, however collective normal modes are formed. 4 This behavior is common to systems of coupled oscillators, while its understanding forms the basis of modern solid state physics. Hence, the peculiarities of the collective dynamics of coupled magnetic elements associated with their magnetic nature need to be revealed.
Here, we present a theoretical study of collective spin wave modes in pairs of magnetic elements as the simplest system in which the collective modes can be observed. We compare the results of micromagnetic simulations performed with the object oriented micromagnetic framework (OOMMF) 8 and an analytical theory generalizing that proposed in Refs. 2 and 5.
II. THEORY AND SIMULATIONS
We apply the perturbation theory to the numerical solution of the Landau-Lifshitz equation for an isolated magnetic element to calculate the splitting of its spin wave modes due to the magneto-dipole interaction with a neighboring element. Let us assume a uniform magnetization along the long axes of the elements M s e x as their ground states. Any spin wave mode of an isolated element can then be represented through magnon amplitudes a † and a, normalized as operators of creation and annihilation of magnons.
2 Then, the element's Hamiltonian takes the canonical form H ¼ hx ð0Þ a † a, where x ð0Þ is the mode frequency. For the case of two elements (labeled 1 and 2), the magneto-dipole coupling between their dynamic magnetizations associated with the same mode is described by the Hamiltonian † 1 a 2 þ H:C:
whered is the radius-vector connecting their centers and the coefficients are
wheremd ¼ ðd þr 2 Àr 1 Þ=jd þr 2 Àr 1 j, c is the gyromagnetic ratio, M 0 is the saturation magnetization, andr 1 andr 2 are radius-vectors of points in elements 1 and 2, respectively, relative to their centers. Functions gðrÞ, f ðrÞ describe the mode profile and are normalized by Ð dot gðrÞf ðrÞd 3r ¼ 1, the normal mode frequencies of the coupled elements are
In the following, the frequencies x 0 of the dominant modes and the corresponding functions f(r) and g(r) are extracted from full OOMMF simulations performed for an isolated element. The results are used with Eqs. (2) and (3) (2011) the frequency splitting of the dominant modes of the isolated element into the corresponding acoustical and optical modes of the pairs of elements.
The simulations were performed and analyzed using the standard procedure similar e.g. to that used in Ref. 4 . We assumed Permalloy 9 rectangular 100 Â 50 Â 10 nm 3 elements with rounded corners with a 10 nm radius of curvature. The modes localized near the element edges and de-localized were labeled as "edge" and "bulk," respectively. We considered three geometries: an isolated element and pairs of elements facing each other with either their shorter or longer sides. Two sets of simulations were run: with uniform and anti-symmetric excitation fields, expected to excite symmetric (acoustical) and anti-symmetric (optical) modes, respectively.
III. RESULTS
Two dominant modes were observed in the spin wave spectra of the isolated element excited by either uniform or anti-symmetric fields 4 ( Fig. 1) . For the uniform excitation acoustic "edge" (AE) and acoustic "bulk" (AB) modes were observed. For the anti-symmetric excitation optical edge (OE) and optical bulk (OB) modes were observed. The change from the acoustical (uniform phase) to the optical (phase shift of p) character manifests itself via an additional nodal line in the phase profile. The nodal line leads to "red" and "blue" frequency shifts for the edge and bulk modes, respectively. The difference is explained by the different relative importance of the exchange interaction (responsible for the blueshift) for the two mode types. In particular, its reduced effect upon the change of the edge mode frequency is explained by the position of the additional nodal line in the part of the element where the mode amplitude is already minimal. For the bulk mode the additional nodal line is located where the amplitude is maximal for the acoustical mode character. Therefore, the profile of the bulk mode experiences both a stronger increase of the nonuniformity and an associated frequency increase due to the exchange interaction.
Figures 2(a) and 2(b) show the mode spectra calculated from simulations for the pairs of elements facing each other with their shorter sides (2 Â 1 arrays). The spectra each contain three dominant peaks. The frequencies of the collective acoustical modes are always higher than those of the corresponding collective optical modes, although the difference is small in the case of the AB and OE modes (using the classification introduced for an isolated element). In each spectrum, the highest frequency peak corresponds to either acoustical or optical collective mode (according to the symmetry of the excitation) that has an AB character within individual elements. The corresponding amplitude profile is nearly identical to that observed in the isolated element. Therefore, the AB mode can be said to have a profile that is rigid with respect to the magneto-dipole interaction between elements in this geometry.
Such "rigidity" is not observed in the case of the collective AE and OE modes, since their amplitude profiles differ from those in the isolated element. The two opposite edges of individual elements might even appear to act independently. The AE and OE modes can therefore be said to have a profile that is "soft" with respect to the magneto-dipole interaction between the elements. The identified "rigidity" of the 
FIG. 2. (Color online)
The mode spectra and associated mode profiles are shown for the pairs of elements with their (a), (b) major and (c), (d) minor axes aligned, i.e., for the 2 Â 1 and 1 Â 2 arrays, respectively. Panels (a) and (c) correspond to the edge-to-edge separation of 50 nm and panels (b) and (d) correspond to the edge-to-edge separation of 5 nm. In each panel, the lower and upper spectra correspond to the uniform and anti-symmetric excitations, respectively. The same rule applies to the insets showing the mode profiles and frequencies.
bulk and "softness" of the edge modes are consistent with the aforementioned frequency changes due to "twisting" mode profiles by 180 which is required to convert them from the acoustical to an optical character.
Figures 2(c) and 2(d) show the mode spectra calculated from simulations for the pairs of elements facing each other with their longer sides (1 Â 2 arrays). Again, the highest frequency peak corresponds to the collective mode originating from the AB mode of the isolated element, however, in contrast to the 2 Â 1 case frequencies of the collective acoustical modes can be both lower and higher than those of the corresponding collective optical modes. The AB mode is still quite rigid, while the profile of the AE and OE modes can still be said to be "soft" with respect to the inter-element interaction. However, both properties do not manifest themselves as clearly as in the case of the 2 Â 1 arrangement. Figure 3 presents the simulated and the analytical results for the dependence of the mode splitting upon the edge-toedge separation. In the simulations, the maximal splitting was found for the collective AE mode in the 2 Â 1 geometry for the edge-to-edge separation of 5 nm. The simulated profiles of the 2 Â 1 AE-type modes indicate that the magnetization precesses only near the neighboring edges leading to the strongest dynamic interaction. The interaction is stronger than that between the edges of the same element leading to the difference between the frequencies of the acoustical and optical modes of the isolated element.
IV. DISCUSSION
The splitting strength for AB and AE modes is nearly the same in the 1 Â 2 and differs significantly in the 2 Â 1 geometries. This is because the distance between precessing areas in the different elements is approximately equal for the AB and AE modes in the 1 Â 2 geometry, while it is very different in the 2 Â 1 geometry. This also explains the earlier observation that both mode types show similar degrees of rigidity in the 1 Â 2 geometry.
The best agreement between the analytical theory and simulations is found for bulk modes and generally for the 1 Â 2 geometry. This corresponds to the cases of "rigid" modes that preserve their character in individual elements despite the inter-element interaction when the assumptions of the analytical theory are most precisely fulfilled. The profile of the edge modes shows a great deal of flexibility when subjected to dynamical magneto-dipole fields from neighboring elements.
V. CONCLUSIONS
We have reported results of analytical and numerical calculations of collective spin wave modes in pairs of magnetic nano-elements. We have considered the difference in frequency of the symmetric (acoustical) and anti-symmetric (optical) modes as a measure of the strength of interaction between different elements. For small edge-to-edge separations, the magneto-dipole interaction between neighboring edges of the different elements can well exceed the combined magnetodipole and exchange interaction between edges of the same element. The mode profile then becomes "soft" and differs substantially from that in isolated elements. The perturbation theory proposed here is adequate for the description of the mode splitting provided that the mode profile remains "rigid."
